INTRODUCTION
Let Q be a domain in [Rn and f = ( fl, f2, ..., fn) : Q -(~n be a mapping of the Sobolev class [Rn) , where p = (pl, p2, ... , p") is an n-tuple of exponents oo ) such that + I /pn =1. Thus the gradient of each co-ordinate fk, k =1, 2, ..., n, belongs to LPk (Q):
We denote the differential off by Df (x) : f~" --~ [Rn. The operator norm of D f (x) is then defined by
We say that f is an orientation preserving mapping if its Jacobian determinant J = J (x, f ) = det Df (x) is non-negative almost everywhere. Clearly, the Jacobian is an integrable function. Because of Hadamard's inequality we have ... ~ ~ fn ~ . Hence Holder's inequality implies the following estimate
In case of pl = ... = pn = n, S. Muller [M] discovered, using maximal theorems, that the Jacobian actually belongs to the Zygmund class L Log L. This remarkable result inspired a new study of the Jacobian function and related non-linear quantities (null Lagrangians), see [BFS] , [CLMS] , [G] , [1St] , [IL] . For If Q = Q = Q (a, R) is a cube in f~n we then have a rather precise estimate [IL] , where a Q = Q (a, a R), 0 ~ l, and Ja Q is the integral mean of J over the cube a Q. S. Muller also showed that the above degree of summability of the Jacobian is the best possible.
In this paper we avoid maximal theorems by using the technique of the Hodge decomposition. This technique was developed in [I] to treat nonlinear problems concerning quasiregular mappings, see also [IL] and [IS2] . Our approach is similar to that of [IS1] This result seems to be of some interest for the future study of the Jacobian function.
The sign condition on the Jacobian determinant is crucial for absolute convergence of the integrals in ( 1.1 ) and ( 1. 2) .
Having inequality (1.5) with constant c (n) independent of f, it is now possible to extend it to mappings f with Df E Ln (IRn, GL (n) [FS] . As pointed out by P. L. Lions, we can decompose
Here the Jacobian determinant J belongs to Ye1, see [CLMS] . On the other hand Coifman and Rochberg [CR] , so can be regarded as a bounded functional
The first intergral has, therefore, a meaning. The last one is obviously converging.
NEW INEQUALITIES FOR THE JACOBIAN
In an entirely routine manner one can deduce local variants of (1.5). Unfortunately, inequality (1.5) and their local variants cannot be derived for mappings tR"). This is due to the fact that, for Df E Ln GL (n)), the term Dg in the Hodge decomposition (1. 3) need not belong to LR (IRR, GL (n)), which is required for the cancellation of the integral f dg1 A df2 A ... A dfn. It is worth noting, however, that the term H belongs to Ln GL (n)) and satisfies ( 1. 4) . The limit theorems for integrals also fail.
an orientation preserving mapping (as in theorem 1), one might try local variants of (1 . 5) and then use Fatou's lemma. This is still a nontrivial task. The reason being that it is not always possible to approximate f by smooth mappings with non-negative Jacobian. We overcome these difficulties by proving first certain LS-estimates with exponents s = n -E below the dimension n. Then letting E go to zero establishes the result.
As it might be expected, the local estimates between the integral averages such as ( 1.1 ) [M] , s = -1 [IS 1 ], arbitrary s E ( -1, 0) [BFS] , s>O [Mo] and s -1 [G2] . Some new approachs to these questions are discussed by Milman [Mi] . We shall report on estimates of the Jacobian in more general Orlicz spaces in [GIM] . which is an extension of Müller's result [M] .
A MAXIMAL OPERATOR IN L log L
Let Q be a cube in fR" and f a measurable function on Q. We denote the integral mean of f over a subcube Q c Q by Accordingly, the Hardy-Littlewood maximal operator is defined by Although this maximal operator plays a primary role in the theory of Lebesgue spaces LP (Q), there are larger classes of Orlicz spaces in which specific variants of the maximal operator appear to be appropriate tools. In this section we introduce one of such operators acting on the Zygmund class LlogL(Q). We mimic the lines of the classical theory of maximal operators. There are, however, new interesting details which may be useful for further development of the differentiation of integrals.
The Zygmund space consists of the functions f : S2 --~ R such that
Notice that LlogL(Q) is a Banach space and ( )n is an order preserving norm, that is ~ f )n ~ g ~n whenever pointwise, see [IK] .
The well known theorem of E. Stein [S l] Vol. 11,n'1-1994. 
